'" Precursors What Is Trigonometry?
This deceptively difficult question will shape the opening chapter. The notion that sines, cosines, and other modern functions define what we mean by "trigonometry" may be laid to rest instantly; these functions did not reach their modern forms, as ratios of sides in right-angled triangles, until rela tively recently. Even in their historical forms they did not appear until medieval India; the Greeks used the length of the chord of an arc of a circle as their only trigonometric function. 1 The word itself, meaning "triangle measurement," provides little help: it is a sixteenth-century term, and much ancient and medieval trigonometry used circles and their arcs rather than triangles as their reference figures.
If one were to define trigonometry as a science, two necessary condi tions would arise immediately: a standard quantitative measure of the inclination of one line to another; 2 and the capacity for, and interest in, calculating the lengths of line segments.
We shall encounter sciences existing in the absence of one or the other of these; for instance, pyramid slope measurements from the Egyptian Rhind papyrus fail the first condition, while trigonometric propositions demon strated in Euclid's Elements (the Pythagorean Theorem, the Law of Cosines) fail the second.
What made trigonometry a discipline in its own right was the systematic ability to convert back and forth between measures of angles 3 and of lengths. Occasional computations of such conversions might be signs of something better to come, but what really made trigonometry a new entity was the abil ity to take a given value of an angle and determine a corresponding length. Hipparchus's work with chords in a circle is the first genuine instance of this, and we shall begin with him in chapter 2. However, episodes that come 1 The chord is the length of a segment cut off across a circle, usually considered as a function of the angle it subtends at the center. 2 Today this is done with angles, although in certain contexts such as spherical trigonometry, cir cular arcs (treating the given lines as radii of the circle) are more convenient. 3 For lack of a more convenient term, we shall use "angular measurement" to refer to any direct measure of inclination, whether angles or arcs are measured.
close-a prehistory-do exist in various forms before Hipparchus, and we shall mention some of them in this preliminary chapter.
There is a case to be made that definitions are unwise in a historical account, especially one covering several cultures and a vast time span. Any idea that produces fruit for as long a time as trigonometry is likely to be altered to the point of unrecognizability after a while-consider, for in stance, the tortured history of the mathematical meaning of "analysis"-and trigonometry is no exception. It is hard to reconcile the use of sines and cosines in the analytical work of men like Euler, Fourier and Cantor with the geometric spirit of trigonometry's Greek progenitors. So, a definition that fits one part of the history may well be cumbersome elsewhere. Fortunately, our definition coincides (mostly) with the realization and growth of a power ful single idea, but in cases where they diverge, we will stay with the flow rather than the definition.
The Seqed in Ancient Egypt
The pyramids are among the most recognized structures in the world; the Great Pyramid at Giza is the oldest of the seven ancient wonders of the world, and the only one still standing. They have become the center of spec ulative theories of all sorts, purportedly revealing advanced age, advanced religious significance, advanced astronomy, advanced mathematics, and advanced engineering. Many of these theories have been shown to be little more than advanced silliness; nevertheless, the pyramids are undoubtedly some of the most remarkable buildings ever constructed. The precision in both their North-South alignments and their slopes on such a staggering scale are an achievement regardless of the level of sophistication required to produce them.
Part of the reason for the vast literature on the construction of the pyra mids is, no doubt, the paucity of real evidence. In fact, much of what we know about Egyptian mathematics in general comes from only a few papyri that somehow survived the millennia. The most famous of these texts is the Rhind Mathematical Papyrus (RMP), 4 named after the nineteenth-century Scotsman A. Henry Rhind, who obtained it in Luxor in 1858. This docu ment, over 5 m wide and about 32 cm high, consists mostly of the famous 2/n table used to convert fractional quantities into sums of unit fractions, a table of division of integers by 10, and a set of 84 mathematical problems. The problems are mostly arithmetical or involve the distribution of food, but some deal with the geometry of circles, rectangles, triangles, and pyramids. Problems 56-60 in particular contain calculations regarding the slope of a pyramid given its horizontal and vertical dimensions, and some have posited these problems as a kind of proto-trigonometry. 5 The cause of these claims is the notion of the seqed, a term referring to the slope of an inclined side in Egyptian architecture. Used in the RMP only with respect to pyramids, there is evidence to suggest that the seqed was also used for the inclinations of temple gateways. 6 As a measure of "slope" it inverts our use of the word: the seqed is the amount of horizon tal displacement, measured in palms, for every seven palms of vertical dis placement (thus s ϭ 7/m, where m is the modern definition of slope). Seven palms corresponded to one architectural royal cubit. Curiously, analysis of inclinations in Egyptian art suggests that something similar to the seqed may have been at work in that field as well, but using the small cubit of six palms instead. In the case of the temple of Ramesses II at Luxor, the use of a different cubit leads to a seqed of 1 (per 7) for the gateway itself, but an inclination of 1 (per 6) in a relief of the same gateway on a wall inside the temple! Explanation: In figure 1.1, the base is bisected to give BC ϭ 70 cubits. The calculations that follow establish that BC / AB ϭ 70 / (93 1 ⁄3) ϭ 3 ⁄4. To convert this ratio to a seqed measurement, multiply this result by 7, which gives a value of 5 1 ⁄4 (commonly used in pyramids of the late Old Kingdom).
The trigonometric connection resides in the fact that the seqed is simply the ratio BC / AB (scaled by the unit conversion from palms to cubits), and is thus equal to the cotangent of the angle at C. Is this legitimate trigonometry? The text does not refer explicitly to ЄC, but as we shall see, Hellenistic as tronomers often used arcs rather than angles for computations that are clearly trigonometric. Here, however, there is no notion of the measurement of ЄC in any form. The purpose of the seqed is architectural, and to read it as a cotangent is anachronistic. For this reason, and also since the seqed did not transmit to the Greeks, we shall say no more about it here.
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Babylonian Astronomy, Arc Measurement, and the 360° Circle Both angles and lengths are continuous quantities; to be able to move easily between them requires a good system of numeration for fractional quanti ties. The ancient Egyptians used unit fractions exclusively, and forbade re peated use of the same unit fraction when representing a number. Clearly this would have made converting arbitrary angles to lengths cumbersome. The first powerful number system incorporating fractions arose in the third 9 A quantity of ten of one unit became the next unit up, then six of that unit became the next, and so on. Eventually pairs of values in the alternating bases of 6 and 10 came to be thought of as single values in a number system with a base of 60. Since 60 has many divisors, sexagesimal calculation (as it is now called) is not as difficult as it may sound. 10 An ad ministrative reform in the twenty-first century BC, requiring the keeping of meticulous records, may have instigated its birth.
11 Whatever the cause, it was to become the standard system of numeration in astronomy and trigonometry, at least for the fractional parts of numbers, for millennia. 12 We shall represent sexagesimal numbers in the standard modern tran scription; that is, 51 20 23 51 20 = 23 + ; , + . 60 60 2 Since sexagesimals had arisen from metrology there was nothing particu larly special about any given unit; the measurement could always be subdi vided into something smaller. Hence the sexagesimal point, here indicated by a semicolon, was not as significant as the decimal point is to us, and was not written. The lack of a symbol for zero would also have caused some con fusion until placeholder symbols for the absence of a quantity in a sexagesi mal digit were invented.
The sexagesimal system is still seen today, for instance, in the division of the hour into minutes and the minute into seconds, and of angular degrees into minutes and seconds. Place value numeration was helpful then, as now, for complicated arithmetic computations; the Babylonians were adept at addition, subtraction, multiplication, and division (although certain compli cations arise for division 13 ). Tables of square and cube roots reveal that the Babylonians also had methods for these operations.
14 By far the most famous computational tablet of the early Babylonian pe riod is Plimpton 322, composed around 1700 BC. Excavated during the 1920s, it contains a collection of Pythagorean triples-that is, sets of three integers that satisfy the Pythagorean theorem a 2 ϩ b 2 ϭ c 2 , thereby forming a right triangle. The smallest examples of such triples are 3-4-5 (a version of which appears on the tablet) and 5-12-13. One way to interpret this tablet is by trigonometry: after all, the triples appear to compare lengths of sides in a triangle, and they are arranged within the table in order of decreasing ratio of the two sides touching the right angle. However, there are a host of compet ing explanations, including an interpretation in terms of reciprocal pairs.
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With no explicit system of angle measurement in this tablet or indeed in any early Babylonian mathematics, 16 nor any tradition of similar tablets of triples to follow it, Plimpton 322 fits neither our definition of trigonometry nor our narrative; hence we move on. 17 However, angular measurement did begin with the Babylonians; but it was over a millennium later and in the context of astronomy. Observations of celestial phenomena date back almost as far as human history, but the earli est documents that record these events systematically and develop a quanti tative science to accompany them began around the eighth century BC.
18 13 The Babylonian procedure for division is simply to find the reciprocal of the divisor and multi ply by the numerator. Tables of reciprocals existed The driving forces behind these endeavors would have been partly calen dric (for civil and agricultural purposes), but astrological needs were domi nant. Perhaps as an outgrowth of this horoscopic heritage Babylonian astronomy was computational and predictive, rather than geometrical and explanatory. Rather than predict locations of celestial bodies at given times, astronomers predicted the times and places of given celestial events. There was no underlying geometric theory of how the heavens should work, only computational schemes to say when and where a periodic event would next occur. Nevertheless, being able to answer the "where" question requires a means of pointing to a particular place in the sky, and to grasp the Babylon ian solution we shall need some basic astronomy-although we should be clear that the Babylonians did not necessarily share our need for the geo metric pictures to follow. 19 The dome of the sky is called the celestial sphere (see figure 1.2). Over the course of a day the celestial sphere per forms a single rotation around us from east to west, carrying the stars and the Sun with it, thereby causing day and night. The stars remain in the same place with respect to each other, hence the name fixed stars. To any ob server the celestial equator remains in the same place in the sky, turning into itself with its daily rotation. Seven bodies (the Sun, Moon, and the five visible planets) also participate in this motion, but they also move slowly with respect to the fixed stars. For instance, the Sun travels on its own great circle in the celestial sphere, known as the ecliptic, completing one revolu tion per year in the direction opposite to that of the celestial sphere's daily motion, or roughly 1° per day. The ecliptic does not remain fixed in place; it is carried by the daily rotation of the celestial sphere. Twice per year the Sun crosses the celestial equator, and at these times day and night are of the same length; these points are called the vernal and autumnal equinoxes. (A fuller description of these astronomical concepts may be found in the chapter on the ancient heavens.)
For the simple reason that the shape of the solar system is close to a disc, most interesting celestial events-those involving the seven moving bodiestake place within a few degrees of the ecliptic. This band, known as the zodiac (see figure 1.2), was therefore the astronomer's arena. The MUL.APIN, a well-known text from the seventh century BC, contains an early version of the zodiac before the appearance of the twelve constellations that became the zodiacal signs, mentioning these twelve and another six constellations 20 The Sun's motion was described as follows:
From XII 1 to II 30 the Sun is in the path of Anu:
Wind and storm. From III 1 to V 30 the Sun is in the path of Enlil:
Harvest and heat. From VI 1 to VIII 30 the Sun is in the path of Anu:
Wind and storm. From IX 1 to XI 30 the Sun is in the path of Ea:
Cold.
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Hence the Sun moves on an inclined circle divided into four regions, spend ing three months in each. 22 From here it would be an easy step to split each region into three parts, one corresponding to each month; this division hap pened by the early fifth century BC. Each of the twelve regions was identified 20 with a constellation on or near the zodiac, giving rise to the zodiacal signs Aries, Taurus, and so forth. 23 The signs, eventually made equal in size, were each further subdivided into 30 us (meaning length). This division is convenient for a couple of rea sons: the Sun travels roughly one us per day, and 30 is a handy number in sexagesimal calculations. In fact the us was used only for computation; for recording observations, another measurement called the kùs (equal to about 2.4 us) was standard. 24 Nevertheless the zodiac was now divided into 360 units, later to be called degrees, and a unified system of arc measurement was in place, 25 at least for the zodiac. Now, Babylonian astronomy was not designed with underlying geomet ric models in mind, and while it might seem natural to us to consider a planet's path as a geometric object in the heavens and work toward astro nomical predictions from that, this was not necessarily so for the Babyloni ans. Consider, for instance, their approach to the motion of the Sun. It travels about 1° per day in its annual trip around the ecliptic, but its speed is not constant; in ancient times it was slower in the spring, and faster in the fall.
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The Babylonians used two methods to represent the Sun's changing speed: System A, which alternates the speed between two fixed values; and System B, which varies the speed linearly between a maximum and a minimum (see figure 1.3) . 27 It may be tempting, but is anachronistic, to consider these methods as approximations to trigonometric curves; 28 functions and graphs are modern inventions. In any case, these systems were numeric constructs, 23 This zodiac differed from the Greek one, in that the vernal equinox happened to fall either 8° or 10° into Aries, and was fixed with respect to the background stars. 
The Geometric Heavens: Spherics in Ancient Greece
Meanwhile, Greek astronomy took a very different turn. The earliest astro nomical interests in Greece were likely similar to other cultures: firstly calendrical, concerning the coordination of dates and weather events with the risings and settings of certain stars and constellations. The belief that the heavens and the Earth are concentric spheres is very old; the bringing together of this cosmological statement with these astronomical problems may have come with Eudoxus of Cnidus in the mid-fourth century BC. 29 The next decades produced several texts on the mathematics of spheres with an eye to their use in the heavens. The problems dealt with in these treatises had much to do with the ear lier astronomical and geographical concerns; 33 for instance, the varying lengths of daylight throughout the year for a given location, the division of the Earth's surface into climate zones, or the angles between important great circles in the celestial sphere. Euclid's Phaenomena is geared particularly to the times required for various arcs of the ecliptic to rise above the horizon. Since the Sun is a point on the ecliptic, rising times were crucial for the reck oning of the passage of time throughout the day, and we shall return to this topic several times. One typical theorem reads as follows: To see what this is saying consider figure 1.4, which positions the ce lestial sphere so that the equinoxes (the places where the equator and eclip tic intersect) are due north and south. The semicircle "following Cancer" is drawn in bold;
35 dashes or dots are on the back surface of the sphere from our perspective. The equator rotates at a constant speed, carrying the eclip tic along with it. The point on the equator that is now at E on the horizon will take twelve hours to rise above the horizon, travel through the sky, and reach the horizon again at W. On the other hand the bolded part of the ecliptic has already begun to rise above the horizon, and twelve hours from now it will have as far to go before setting as it has risen in the figure. So the bolded semicircle takes more than twelve hours to rise. Conversely, the part of the ecliptic not drawn in bold will take less than twelve hours to rise.
Euclid's proof of this proposition is entirely geometric. Even so, it has been suggested that he may have been aware of Babylonian arithmetic schemes dealing with length of daylight (similar to the solar schemes of figure 1.3), and he may have been trying to put the symmetries used in these schemes on firm geometrical ground. 
A Trigonometry of Small Angles? Aristarchus and Archimedes on Astronomical Dimensions
Although early spherics was able to say a great deal about the qualitative be havior of the celestial sphere, it was not the basis for a predictive science.
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For instance, one could not use it to infer precisely where a particular body would be at a given time. In this case the geometers would have been of lit tle help. Our notion of geometry, using coordinates, leads us to think easily of lengths as quantities, measured by numbers; and locations as pairs (or triples) of numbers referred to coordinate axes. Indeed, we often think of a curve as an algebraic equation: for instance, a parabola is an equation of the form y ϭ ax 2 ϩ bx ϩ c. By contrast, Greek geometry operated on its own and had no need for such a numeric foundation. 38 Indeed, if we were to impose a numerical understanding of magnitudes on Greek geometry, then we might say that many trigonometric results were 37 See [Knorr 1989 ] for a discussion of four Greek scientific disciplines that do not employ nu meric techniques, including early spherics. Knorr argues that their purpose was to explain, not predict, phenomena. 38 The case is made in detail in [Fowler 1987 ] that Greek mathematics and astronomy, up to and in cluding Archimedes, were not "arithmetized"; see also [Fowler 1992 ]. known well before the birth of trigonometry. The most obvious is the Pythagorean Theorem, which (for a unit circle) is equivalent to the identity sin 2 ϩ cos 2 ϭ 1. More dramatically, Proposition II.13 of Euclid's Elements reads:
In acute-angled triangles the square on the side subtending the acute angle is less than the squares on the sides containing the acute angle by twice the rectangle contained by one of the sides about the acute angle, namely that on which the perpendicular falls, and the straight line cut off within by the perpendicular towards the acute angle. 
But these sorts of statements are not much closer to trigonometry than was the Egyptian seqed. We have a working definition of angle, but no quantita tive measurement or systematic conversion to lengths.
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The first real glimmer of a proper trigonometry came with the earliest stages of a quantitative astronomy in the third century BC. As so often in the history of science, it is very difficult to assert a precise beginning; a blurry gradual awakening does not lend itself to the identification of a single blessed moment. The inevitable result is that the birth of mathematical astronomy has been attributed to several different people. 42 who is most famous for being the first to propose a Sun-centered solar system, about 1,700 years before Copernicus. The little we know of "the mathematician," as he was called, includes that he was a student of the philosopher Strato of Lamp sacus; Vitruvius credits him with the invention of the scaphe, a type of sun dial. 43 Unfortunately most of his works are lost, including what he wrote on his heliocentric system, and a book on optics. Our knowledge of Aristarchus's solar system therefore must be rebuilt from references in writings of later authors, especially Archimedes' Sand Reckoner, of which we shall speak shortly. 44 Aristarchus's only surviving work, On the Sizes and Distances of the Sun and Moon (see figure 1.6), has nothing to do with his heliocentric the ory; it sets out to measure the relative and absolute sizes of the Earth, Moon, and Sun. 45 It was one of the treatises in the "Little Astronomy," and it is probably due to its inclusion in this collection that we have it today. 46 It reads in the classical Greek style, reminiscent of Euclid, and its theorems are wor thy of one known as "the mathematician."
The key datum for Aristarchus's determination of the relative distances of the Moon and the Sun comes from the moment when precisely half of the Moon's face is visible from the Earth. In figure 1 .7, when the observer sees the half Moon, the Sun-Moon-Earth angle is a right angle; the Moon-Earth-Sun angle is asserted to be "less than a quadrant by one-thirtieth of a quadrant" Ϸ3° i.e., 87°.
47 (The correct value is close to 89°50Ј.) This hopelessly poor value, in addition to some other incorrect observations and assumptions, lead one to question whether Aristarchus's purpose was less quantitative than proof of concept, "a purely mathematical exercise" 48 -albeit an ingenious one. To convert his angular data to ratios of distances, Aristarchus is forced into approximations of trigonometric quantities. As a sample of his technique we shall follow the first half of Proposition 7, in which he demonstrates that For let A be the center of the Sun, B that of the Earth. Let AB be joined and produced. Let C be the center of the Moon when halved; let a plane be carried through AB and C, and let the section made by it in the sphere on which the center of the Sun moves be the great circle ADE.
Let AC, CB be joined, and let BC be produced to D. Then, because the point C is the center of the Moon when halved, the an gle ACB will be right.
Let BE be drawn from B at right angles to BA; then the circumference ED will be one-thirtieth of the circumference EDA; for, by hypothesis, when the Moon appears to us halved, its distance from the sun is less than a quadrant by one-thirtieth of a quadrant.
Thus the angle EBC is also one-thirtieth of a right angle. Let the parallelogram AE be completed, and let BF be joined. Then the angle FBE will be half a right angle. Let the angle FBE be bisected by the straight line BG; therefore the angle GBE is one fourth part of a right angle.
But the angle DBE is also one thirtieth part of a right angle; therefore the ratio of the angle GBE to the angle DBE is that which 15 has to 2: for, if a right angle be regarded as divided into 60 equal parts, the angle GBE contains 15 of such parts, and the angle DBE contains 2. Now, since GE has to EH a ratio greater than that which the angle GBE has to the angle DBE, therefore GE has to EH a ratio greater than that which 15 has to 2.
Next, since BE is equal to EF, and the angle at E is right, therefore the square on FB is double of the square on BE.
But, as the square on FB is to the square on BE, so is the square on FG to the square on GE; therefore the square on FG is double of the square on GE.
Now 49 is less than double of 25, so that the square on FG has to the square on GE a ratio greater than that which 49 has to 25; therefore FG also has to GE a ratio greater than that which 7 has to 5.
Therefore, componendo, FE has to EG a ratio greater than that which 12 has to 5, that is, that which 36 has to 15.
But it was also proved that GE has to EH a ratio greater than that which 15 has to 2; therefore, ex aequali, FE has to EH a ratio greater than that which 36 has to 2, that is, than that which 18 has to 1; therefore FE is greater than 18 times EH. If of two right-angled triangles, (one each of) the sides about the right angle are equal (to each other), while the other sides are un equal, the greater angle of those toward [next to] the unequal sides has to the lesser (angle) a greater ratio than the greater line of those subtending the right angle to the lesser, but a lesser (ratio) than the greater line of those about the right angle to the lesser.
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Thus in figure 1.9 where AC ϭ DF and ␣ Ͼ ␤,
Aristarchus applies the second inequality to ⌬BEH and ⌬BEG in figure 1.8; elsewhere in On the Sizes he uses both inequalities. We may understand this result in modern terms as follows: since AC/BC ϭ sin ␣ , DF/EF ϭ sin ␤, AC/AB ϭ tan ␣ , and DF/DE ϭ tan ␤,
These facts, seen easily from the graphs of the sine and tangent functions, may also be proved geometrically. 52 We find similar uses of trigonometry in one of the works of deservedly the most famous of ancient scientists, Archimedes (287-212 BC). One of the most creative mathematicians of all time, Archimedes is renowned for his ability to approach difficult geometric problems, including his determina tions of areas of curved figures. His "method of exhaustion" works by grad ually inscribing, and simultaneously circumscribing, the required figure with polygons that successively approximate the curves more closely. Archimedes also wrote a number of works in topics that would now be clas sified under physics, including mechanics, optics, and hydrostatics. His feared war machines and other instruments spread his fame far beyond the confines of science. The Sand Reckoner (see figure 1.10), one of several of Archimedes's works intended for a wider audience, was written to show the difference between a large finite quantity and the infinite. He illustrates this amply by cal culating the number of grains of sand that would be required to fill the uni verse. His result, an upper bound on the order of 10 63 , was astronomically large (and required the invention of an ingenious number system to express), but not infinite. 54 To make sure that he had truly capped the number with an upper bound Archimedes needed to use the largest available estimate for the size of the universe, hence his use of Aristarchus's heliocentric system. If the Earth travels around the Sun, then the vantage point from which we see the stars is moving, so they should appear to move over the course of the year. In fact they do, but by such a tiny amount that the effect is nowhere near visible. Thus Aristarchus had to move the fixed stars far enough away that this stellar paral lax was negligible, resulting in the largest universe known to Archimedes.
The Sand Reckoner begins with a measurement of the angular magni tude of the diameter of the Sun, d s , which Archimedes reports to be
(where R ϭ 90°). (It had been thought that Archimedes obtained these bounds by drawing lines of sight on his observational instrument and mea suring their angles physically. Recently, a procedure has been reconstructed that uses mathematical methods similar to what follows, including an appli cation of (1.1).
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) Using (1.3), Archimedes needs to find a lower bound on the length of the Sun's diameter. Since he already has Aristarchus's estimate of the size of the circle in which the Sun orbits, Archimedes needs only to find a bound relative to that circle.
In figure 1 .11 (see also figure 1.12), E is the observer at a moment after the Sun has risen, ЄPEQ is the Sun's angular diameter seen from E, and ЄFCG its angular diameter seen from the center of the Earth C. A and B are the extensions of the lines of sight from C. From (1.3) we know that ЄPEQ < 1 R. Since E is closer to the Sun than C, the angular diameter seen 164 from C is smaller, so ЄFCG < 1 R. Thus, the arc AOB in the corresponding 164 circle is less than 1 = 1 of a circle, and AB is less than one side of a 164×4 656 1 1 656-gon. Hence AB C / O < 656 ⋅ 2 < 100 . 56 But AB is the Sun's diameter, 57 and since the Earth is assumed to be smaller than the Sun, the sum of the Earth's and Sun's radii is less than 1 CO. Therefore 100 > CO / HK > CF / EQ . Now Archimedes applies (1.1) to ⌬OEQ and ⌬OCF (since OF ϭ OQ but EQϽCF, since E is closer to the Sun than C), which gives
This result allows him to convert from his inequality of lengths to one of angles. Doubling both angles and recalling that we already know that ЄPEQ > 1 R, it is relatively easy sailing (using the second inequality 812-gon. Archimedes rounds downward to the side of a chiliagon (1000 gon), and has a convenient lower bound for the Sun's diameter.
That both Aristarchus and Archimedes use (1.1) with no comment or proof suggests that the lemma would have been familiar to their readers. In fact there are nine proofs of one or the other inequality in this lemma in an tiquity, but the earliest proof of the first inequality does not appear until Ptolemy's construction of his chord table in the Almagest four centuries later. 59 How the lemma might have arisen may only be speculated. Perhaps it was recorded in a mathematical work alongside and adjunct to the study of spherics, 60 or perhaps it was more closely bound with the emergence of practical astronomical problems. 61 The lemma is useful, for instance, in the determination of rising times of arcs of the ecliptic, or in the measurement of time with sundials.
62
Whether or not the lemma allows us to say that a more extensive trigonometry existed as early as the third century BC is a matter of de bate. 63 Clearly its existence alone does not qualify as sufficient evidence. Nor does it provide us with a useful general trigonometric tool; although it is perfectly plausible to measure angles as fractions of a right angle, the lemma gives reasonable and useful bounds only for very small arcs. Given an arbitrary arc of sufficient magnitude, the lemma cannot produce bounds of any use to an astronomer in a reasonable time. On its own, then, (1.1) is unable to provide a systematic conversion between arcs and lengths.
We are not yet finished with Archimedes. In his treatise Book on the De rivation of Chords in a Circle, the early eleventh-century Muslim scientist alBiruni attributed the following result to Archimedes, sometimes called the "Theorem of the Broken Chord": in figure 1.13, given unequal arcs AB > BC in a circle, let D be the midpoint of AC and drop perpendicular DE onto AB. Then AE ϭ EB ϩ BC. 64 From here it is possible to derive results equivalent to the sine or chord angle sum and difference identities, among others. This fact led one scholar to claim that Archimedes had a more sophisticated trigonom etry than what we have witnessed thus far, one that would have given him the capacity to construct a table of chords as powerful as Ptolemy's. 65 However, the trigonometric identities do not drop entirely without effort from this theorem, and, just as seriously, we have no idea how Archimedes (as opposed to his Muslim successors) might have intended to use it. 67 It can only be said that, had Archimedes the idea and numerical system needed to build a sys tematic chord Since these arguments must remain speculative (barring further discoveries), we simply refer the interested reader to these articles. With respect to Archimedes, we have also his Measure ment of a Circle. In his computation of bounds for the value of he uses the equivalent of a chord half-angle formula, which we shall see is a vital tool for the construction of a chord table.
Once again, we have no evidence that Archimedes used it outside of the context of computing .
